We apply the BRST approach, previously developed for higher spin field theories, to gauge invariant Lagrangian construction for antisymmetric massive and massless bosonic fields in arbitrary d-dimensional curved space. The obtained theories are reducible gauge models both in massless and massive cases and the order of reducibility grows with the value of the rank of the antisymmetric field. In both the cases the Lagrangians contain the sets of auxiliary fields and possess more rich gauge symmetry in comparison with standard Lagrangian formulation for the antisymmetric fields. This serves additional demonstration of universality of the BRST approach for Lagrangian constructions in various field models.
Introduction
BRST-BFV-construction [1] , which was initially developed for quantization of gauge theories, turned out to be the power method for deriving the Lagrange formulation in higher spin field theory 1 . Indeed, this method has successfully been applied to finding the Lagrangians of massless and massive, bosonic and fermionic higher spin fields with various symmetry structure of indices in Minkowski and AdS spaces [3] [4] [5] [6] [7] [8] 2 . This method, named BRST-approach to higher spin field theory, in all cases yields to gauge invariant action in terms of off-shell totally unconstrained fields and gauge parameters.
The BRST-approach begins with postulating the operator constraints, determining the irreducible representation of Poincare or AdS algebra with given spin and constructing the closed algebra of these operators. It should be pointed out that closing the algebra requires to introduce some new operators, which can not be interpreting as the constraints. Also, closing the algebra imposes the restrictions on space-time geometry and it turns out to be that in general the scheme under considerations works only for constant curvature spaces 3 . As we will see, there is a non-trivial case when this scheme successfully works for arbitrary d-dimensional curved space.
In this paper we develop the BRST-approach to constructing the Lagrangian formulation for massless and massive totally antisymmetric bosonic fields in arbitrary curved space 4 . We show that the general procedure, described in [3, [5] [6] [7] [8] does not impose any restrictions on space-time geometry and yields to gauge invariant model containing, besides the basic field ϕ µ 1 ...µp , some number of auxiliary fields. After eliminating the auxiliary fields the obtained formulation coincides with standard one.
As is well known an antisymmetric bosonic field of rank-p ϕ µ 1 ...µp will realize irreducible representation of the Poincare group (in Minkowski spacetime) if the following equations are satisfied
When we turn to an arbitrary curved spacetime we suppose that conditions on ϕ µ 1 ...µp which must be satisfied, tend to (1) in flat space limit. It tells us that the equations on ϕ µ 1 ...µp in curved spacetime must be of the form
We will see that the "terms with curvature" are to be defined uniquely in process of Lagrangian construction. The paper is organized as follows. In Section 2 we develop the BRST approach for massless antisymmetric bosonic fields. In Section 3 we consider this approach for massive antisymmetric bosonic fields. Section 4 is devoted to discussion of the results.
Lagrangian construction for massless fields
To avoid explicit manipulations with a big number of indices it is convenient to introduce the Fock space generated by fermionic creation and annihilation operators with tangent space indices
As usual the tangent space indices and the curved indices are converted one into another with the help of the vielbein e a µ which is assumed to satisfy the relation ∇ µ e a ν = 0. Then one introduces a derivative operator
which acts on an arbitrary state vector in this Fock space
as the covariant derivative operator
3 Of course in case of spins s = 0, 1 2 , 1 the above algebra is closed for arbitrary space-time geometry. 4 The totally antisymmetric fields are the partial case of arbitrary mixed symmetry higher spin fields. Aspects of Lagrangian formulation for such fields are discussed in the recent papers [10] [11] [12] [13] [14] [15] . 5 The traceless condition, which is important for general-type higher spin fields, be trivial for antisymmetric fields. We use the metric with mostly plus signature. Now we want to realize equations (2) (with m = 0) as operator constraints in the Fock space. For this purpose let us define operators
where
and the operator X is responsible for the "terms with curvature" in the first equation of (2) . Then the equations
are equivalent to the corresponding equations in (2) . In order to construct Lagrangian within the BRST approach we must have at hand a set of operators which is invariant under Hermitian conjugation and which forms an algebra [6] . We assume the standard scalar product in the Fock space and suppose that operator X and hence operator l 0 are hermitian with respect to this scalar product. The operator conjugate to l 1 we denote as l
Now set of operators l 0 , l 1 , l + 1 is invariant under Hermitian conjugation. Then we must realize the second requirement: one should obtain set of operators which form an algebra. For this purpose we find all (anti)commutators generated by l 0 , l 1 , l + 1 . Since operator l 0 is not yet defined we calculate the anticommutator {l 1 , l
Since the rhs of (10) contains operator D 2 which are present in operator l 0 we rewrite (10) as follows
From (11) we see that in order to close the algebra we must put X = R µναβ a +µ a ν a +α a β and as a consequence we have operator l 0 in the form
One can check that set of operators l 0 , l 1 , l + 1 form an algebra
Thus now we have at hand set of operators which is invariant under Hermitian conjugation and form an algebra. Let us note that found expression for operator l 0 gives the following mass-shell equation on antisymmetric field of rank-p in arbitray curved space
where the square brackets denote antisymmetrization
Let us turn to construction of the Lagrangians. Among the operators of the algebra (13) there are no operators which are not constraints. All the operators are constraints in the bra-vector space or/and in the ket-vector space
Therefore for constructing Lagrangians there is no need to introduce enlarged expressions for the operators [6] and one may construct BRST operator from the operators l 0 , l 1 , l + 1 . For this we introduce ghost 'coordinates' η 0 , q + 1 , q 1 and canonically conjugated them 'momenta' P 0 , p 1 , p + 1 with nonvanishing (anti)commutators
After this one finds the BRST operator
Further we define the representation of the Hilbert space where the BRST operators acts as follows
and as a consequence the general form of the state vector in the Hilbert space is
The sum in (20) is taken over k 1 running from 0 to 1 and over k 2 , k 3 , k 0 running from 0 to infinity. Let us introduce operator
which commute with the BRST operator. This operator is used for constructing Lagrangian with given spin p. For this we restrict the fields |Φ and the gauge parameters |Λ (i) in the extended Fock space including ghosts (20) by the conditions
If we omit these conditions then the Lagrangian (and the gauge transformations) will contain fields with all spins simultaneously. One can show (see e.g. [6] ) that Lagrangian can be written as
which is invariant under the reducible gauge transformations
The chain of the gauge transformation for each given spin p is finite due to (22) and to the ghost number restriction
Thus the Lagrangian for the massless bosonic antisymmetric field in an arbitrary curved background is constructed. Let us show that Lagrangian (23) reproduces equations of motion (2), (14) [or the same (8)] after gauge fixing. Let us fix the rank of the antisymmetric field to be p. In this case we have p − 1 reducibility stages of the gauge symmetry and due to (22) and the ghost number restriction (25) the lowest stage gauge parameter |Λ (p−1) can not depend on ghost η 0 : P 0 |Λ (p−1) = 0. Then we introduce the following decomposition on ghost η 0 of the gauge parameters
One can show that using gauge transformation for the p − 2 stage gauge parameter
we can get rid of the dependence of p − 2 stage gauge parameter on ghost η 0 . Then we can repeat the procedure and get rid of the dependence of p − 3 stage gauge parameter on ghost η 0 using remaining part |Λ (p−2) 0 of the gauge parameter |Λ (p−2) . Applying the same procedure further we remove dependence of the gauge parameter |Λ (0) on ghost η 0 . Thus it remains only part of the gauge parameter |Λ (0) which independent of η 0 : |Λ
0 . Now we decompose field |Φ and gauge parameter |Λ (0) 0 satisfying (25) and (22) with given p as follows
where we denote |ϕ n =
Equation of motion Q|Φ = 0 and gauge transformation δ|Φ = Q|Λ (0) 0 looks like
Using gauge transformation (32) starting with the field with the lowest rank we eliminate all the fields |ϕ p−2n except |ϕ p . After this all the fields |ϕ p−2n−1 except |ϕ p−1 become zero as consequences equations of motion (31). The rest equations of motion on fields |ϕ p and |ϕ p−1 and the residual gauge transformation with restricted gauge parameter |λ p−1 are
Acting on equation of motion (35) by operator l 1 and using that l 2 1 = 0 (13) one finds that l 1 |ϕ p−1 = 0. Therefore using the residual gauge transformation with restricted gauge parameter |λ p−1 we can make solution |ϕ p−1 to be zero |ϕ p−1 = 0. As a result only physical field |ϕ p is nonvanishing and equations of motion for it are
Thus we have shown that equations of motion following from Lagrangian (23) gives (2), (14) [or equivalently (8) ] up to a gauge fixing. Let us simplify Lagrangian (23) for antisymmetric field with given rank-p. Substituting decom-position (28) of the field |Φ into (23) one gets
Here field |ϕ p is a physical one and the rest fields are auxiliary. Our purpose now is to obtain Lagrangian in terms of one physical field |ϕ p . For this we express fields |ϕ p−2n+1 using their equations of motion |ϕ p−2n+1 = −l 1 |ϕ p−2n+2 − l + 1 |ϕ p−2n and substitute them into Lagrangian (37). Taking into account (13) one can show that all other fields except |ϕ p disappear and we get
In order to obtain this Lagrangian in component form we substitute into it the explicit expressions for l 1 , l + 1 , and for |ϕ p =
where F µ 1 ...µ p+1 is the strength of antisymmetric field ϕ µ 1 ...µp
Thus we simplified Lagrangian (23) and obtained Lagrangian in terms of one physical field. It is this form of Lagrangian which is commonly used for antisymmetric massless field. Let us turn to Lagrangian construction for massive antisymmetric fields.
Lagrangian construction for massive fields
In the massive case we take the mass-shell equation in the form of the mass-shell equation for the massless antisymmetric field (14) deformed by the mass term
Then we denote operator corresponding to equation (41) 
Now anticommutator {l 1 , l
and in order to have a set of operators which is invariant under Hermitian conjugation and which form an algebra we add operator g m = m 2 . As a result the algebra of the operators in the massive case is
In the set of operators we have one operator g m which is not a constraint neither in the bra nor in the ket-vector space. In this case in order to construct Lagrangian within the BRST approach (see e.g. [6] ) we need to introduce additional (new) creation and annihilation operators and then construct extended operators
, g m ) which must satisfy two conditions: 1) they must form an algebra [O i , O j ] ∼ O k ; 2) the operators which are not constraints must be zero (that is in the case under consideration we must have G m = g m + g ′ m = 0). For this purpose we introduce one pair fermionic creation and annihilation operators with the standard commutation relations {f, f + } = 1 and put
One can check that the extended expressions of the operators satisfy the above requirements: the extended expression for the operator g m which is not a constraint is zero
After this one should construct BRST operator
with the ghosts satisfying relations (17), (19) . In the massive case the general state in the Hilbert space looks as follows
The sum in (50) is taken over k 1 , k 4 running from 0 to 1 and over k 2 , k 3 , k 0 running from 0 to infinity. Analogously to the massless case to construct Lagrangian for a field with a given spin p we restrict the fields |Φ and the gauge parameters |Λ (i) in the extended Fock space (50) as follows
with operator σ m given in (49) If we omit these conditions then the Lagrangian (and the gauge transformations) will contain fields with all spins. One can show (see e.g. [6] ) that Lagrangian can be written as
We note here that in the massive case the gauge symmetry are Stückelberg one. The Stückelberg fields and gauge parameters in decomposition (50) are those which contain f + , i.e. fields corresponding to k 4 = 1: Φ
The chain of the gauge transformations (53) is finite due to (51) and to the ghost number restriction
Thus the Lagrangian for the massive bosonic antisymmetric field in an arbitrary curved background is constructed. Let us show that Lagrangian (52) gives equations of motion which equivalent (2), (41) up to a gauge transformation. Let the rank of the antisymmetric field be equal to p. Then we have a reducible gauge theory with p − 1 number of reducibility stages. Due to (51) and (54) the lowest stage gauge parameter has the form
It can be explicitly checked that we can eliminate the dependence on f + in the gauge function |Λ (p−2) of the (p − 2)-stage. Then it is possible to check that we can remove dependence of
with the help of the remaining gauge parameters |Λ (p−2) (which do not depend on f + ). Then we can proceed further in the same way and in the end remove dependence of the field |Φ on f + . Thus we have the gauge f |Φ = 0 and all the gauge parameters have been used.
Let us turn to the equations of motion Q m |Φ = 0. Decomposing in power series of f + one finds that a part of the equations of motion has the form
which tells us that the field does not depend on p + 1 . This condition together with the gauge f |Φ = 0 give that the field |Φ can depend on a +µ only. That is it remains only the physical field
and the equations of motion for it are
In component form these are equations (2), (41) which we wanted to reproduce. Let us simplify Lagrangian (52). For this purpose we decompose field |Φ satisfying (51) with a given p and (54) as follows
where as before we denote
Then we substitute (59) into (52) and obtain
After this we substitute equations of motion |ϕ p−2n
In order to get gauge transformations which leave this Lagrangian invariant we decompose gauge parameters |Λ (i) satisfying (54) and (51) with given p as follows
Substituting this decomposition into (53) one finds the chain of reducible gauge transformation under which (62) is invariant
. . . . . .
We see that field |ψ p−1 and gauge parameters |ω 
Let us write Lagrangian (62) and gauge transformations (67) 
which has no symmetry transformations. Thus we simplified Lagrangian (52) and obtained Lagrangian (70) which is commonly used for antisymmetric massive bosonic field.
Summary
We have shown that the BRST approach, which was developed earlier for higher spin field models in flat and AdS spaces, perfectly works for massless and massive bosonic antisymmetric fields in arbitrary curved space-time. The obtained theories are reducible gauge models, the corresponding Lagrangians and gauge transformations are given by (23), (24) and (52), (53) respectively for massless and massive theories. In both the theories the order of reducibility grows with the value of the rank of the antisymmetric field 9 . In the massive case we automatically get a formulation with appropriate Stückelberg fields. Like all the Lagrangians constructed on the base of the BRST approach, the obtained Lagrangians possess more rich gauge symmetry and contain more fields in comparison with those which are commonly used for description of the antisymmetric fields. Due to the presence of the additional symmetry it is possible to get various intermediate Lagrangian formulations (like (68)) for massive and massless antisymmetric field theories by partial gauge fixing and eliminating some of the auxiliary fields.
